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FOREWORD 

Cognizant to the research priority theme of the College Research Agenda 

on Educational Management and Educational Technology relevant to the needs 

of the new normal, these three studies in this issue for the year for this special 

issued.  

 

The study embarked by Nargloric C. Utanes on Linear Diophantine 

Equations in Three Variables brought technological innovation as he was able to   

develop a computer program using Microsoft Office Excel®. The investigation 

came up with an easier and more understandable algorithm for finding the 

solution for a linear Diophantine equation in three variables 

 

 A collaborative study conducted by Nargloric Utanes, Mark John M. 

Tamanu and Arlene Talosa on a developed software for statistics  revealed that 

the statistical calculator was rated excellent in terms of its efficiency, functionality, 

portability and usability. It was also accurate and secured based on the alpha 

test employed but limitations of its use as to statistical assumptions for to statistical 

tools embedded in it must still be followed. Framework for its dissemination is also 

crafted to ensure that its distribution is properly documented and controlled 
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ON LINEAR DIOPHANTINE EQUATIONS IN THREE VARIABLES 
 

NARGLORIC C. UTANES 

College of Teacher Education, CSU-Aparri, Cagayan 

nargloricutanes@csu.edu.ph 

 

 

ABSTRACT 

 
Linear Diophantine equations of the form 𝑎𝑥 + 𝑏𝑦 = 𝑐 can be easily solved as there are available 

examples found in books. The challenge, however, is that most books of the said subject do not 

present algorithm in solving linear Diophantine equations in three or more variables (e.g. 𝑎𝑥 + 𝑏𝑦 +
𝑐𝑧 = 𝑑). Students sort to researching in the Internet about how to solve such Diophantine equations 

but faced with tedious and highly complicated structures and series of proofs and algorithms. This 

mathematical investigation, therefore, aimed at developing an algorithm for solving a linear 

Diophantine equation in three variables by extending an existing algorithm for linear Diophantine 

equation in two variables which is as follows. Further, a computer program for solving a linear 

Diophantine equation in three variables was also developed using MSExcel®. 

1. Solve for gcd(c, a, b) = gcd(c, gcd(a, b)) = gcd(c, g) = g′ by iterated Euclidean 

Algorithm. 

2. Check that if g′ ∣ d, then there is a solution to the Diophantine equation. 

3. Transpose cz to the right side of the equation. Fix z = gs + r and substitute. 

4. Compute the least positive value of r such that g ∣ (d − cr). Substitute, factor and 

let the result be g(u0 − cs). 

5. Divide the resultant equation by gcd(a, b) = g which turns the left side of the 

equation to a′x + b′y where gcd(a′, b′) = 1. By Bezout’s theorem, express 1  as linear 

combination of a′ and b′, that is 𝑎′𝑥0 + 𝑏′𝑦0 = 1 

6. Multiply the result in (5) by (u0 − cs) to get one particular solution to the equation, 
(x, y) = (x0(u0 − cs), y0(u0 − cs)). 

7. The general solution therefore of the 3-variable LDE is 

x = x0(u0 − cs) − b′t          where b′ =
b

g
 

y = y0(u0 − cs) + a′t          where a′ =
a

g
 

z = gs + r0 . 

 

Keywords: algorithm, linear Diophantine equation in three variables 

 

 

I. INTRODUCTION 

 

Nature and Background of the Study 

 

Mathematics is a specialization of many of the most powerful thinking 

techniques people normally use. Part of its great power derives from the facts, 

formulas, and techniques it provides to the sciences. What makes it of value even 

to those who will someday forget the facts and formulas is that it highlights, 
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extends, and refines the kinds of thinking that people do in all fields. These include 

investigation, pattern-seeking, and proof. 

Skilled investigators in any field have strategies that go beyond poking 

around and hoping for the best. In investigation, as in other aspects of thinking, 

mathematics adds its own special features. What makes an investigation 

mathematical? What’s next after finding a great pattern? In “What is 

Mathematical Investigation?” by Benson (2004) you will take a mathematical 

investigation from start to finish—from exploratory stages through reporting 

logically connected results—and you will find strategies that you can use with your 

students to develop their investigative skills. 

In this mathematical investigation, the investigator seeks to find out easy 

and understandable pattern and process of finding the solutions to a three-

variable Linear Diophantine Equation. Diophantine equation was named after 

Diophantus of Alexandria who studied such equations in the 3rd Century A.D. And 

by Diophantine equation, we mean a polynomial equation in two or more 

variables with integer coefficients and required to find integer solutions. 

Furthermore, in applications, we confine the values of the solutions to positive 

integers.(http://www.ericweisstein.com/encyclopedias/books/DiophantineEqua

tions.html) 

In general, there are many approaches for solving Diophantine equations. 

However, linear Diophantine equations of the form 𝑎𝑥 + 𝑏𝑦 = 𝑐 can be easily 

solved as there are available examples found in most books of Number Theory. It 

only uses the extended Euclidean algorithm to find for its particular solutions and 

the idea of inequality to solve for its applications. 

Sad to note, the challenge is that most books of the said subject do not 

present algorithm in solving linear Diophantine equations in three or more 

variables. Students sort to researching in the Internet about how to solve such 

Diophantine equations but faced with tedious and highly complicated structures 

and series of proofs and algorithms. Thus, the investigator is motivated to explore 

effective and simple algorithm to linear Diophantine equations in three variables. 

 

 

Literature Review 

 

A Diophantine equation is an algebraic equation for which integral 

solutions are desired, meaning it involves only polynomial expressions in one or 

more variables. What makes an equation a ‘Diophantine’ is that the coefficients 

of the polynomial should be integers and also its solutions must only be integers. 

The study of this field of Algebra began many centuries ago. Brahmagupta (who 

lived from 598 to 668 AD) was the first mathematician who gave general solution 

of the linear Diophantine equation. 

  

 

Some Famous Diophantine Equations 
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Diophantus wrote a textbook called Arithmetica, one of the earliest known 

manuscripts on algebra. The most famous Diophantine equation is the equation 

𝑥𝑛 + 𝑦𝑛 = 𝑧𝑛 where 𝑛 ≥ 3which was studied by Fermat and is the subject of the 

notorious problem known as Fermat's Last Theorem. In 1637, Fermat said that this 

equation has no solution in positive integers and for a couple of centuries, 

became the most famous unsolved problem in Mathematics. It was shown to be 

true by a British Mathematician Andrew Wiles (1995) in 1994 in which he proved 

that all semistable elliptic curves over the set of rational numbers are modular. 

Fermat’s Last Theorem follows as a corollary. 

 Another well-known Diophantine equation is the Pythagorean triples which 

is similar to Fermat’s, only 𝑛 = 2, and thus,  𝑥2 + 𝑦2 = 𝑧2. These are the side of 

lengths of right triangles where the lengths of both legs and the hypotenuse have 

integral lengths. It is known that this equation has many solutions. Some of 

Pythagorean triples are scalar multiples of the other triples. Conrad (2008) called 

a triple (x, y, z) primitive when the three integers have no common factors. He 

further investigated on the properties of primitive triples. 

 With 𝑛 a positive integer that is not a perfect square and looking for non-

trivial solution (i.e. other than 𝑥 = ±1 and 𝑦 = 0), the Diophantine equation 𝑥2 −
𝑛𝑦2 = 1 is also called the Pell’s equation. Lenstra (2002) tried to see that, if the 

solutions to Pell equation are properly represented, the traditional continued 

fraction method for solving the equation can be significantly accelerated. He, 

however, concluded that algorithms for solving the Pell’s equation has not been 

spoken yet but for practical purposes, the smooth numbers method will remain 

preferable in which he described that the most promising method depends on 

the use of smooth numbers. 

 Another version of Fermat equation is the Mordell (1969) equation. For given 

𝑑 ≠ 0, the equation 𝑦2 + 𝑑 = 𝑥3 has at most finitely many solutions. Although 

Mordell provided a proof, it is emphasized that the proof only focused only on 

finiteness result and no algorithm was given to actually solve the equation. 

Sprindzuk (1993) also proved a theorem based on the conjecture posed by Hall 

(1971): There exist an effectively computable number 𝐶 > 0 such that any solution 

𝑥, 𝑦 ∈ ℤ of 𝑦2 + 𝑑 = 𝑥3 with 𝑑 ≠ 0 satisfies |𝑥|, |𝑦| ≤ exp(𝐶|𝑑|(log|𝑑| + 1)6). Nowadays, 

there are explicit algorithms to solve the Mordell’s equation. Gebel, et.al. (1998) 

showed that all equations with |𝑑| ≤ 10000 are already solved with the equation 

𝑦2 − 17 = 𝑥3 as a particularly spectacular example. You can read more about this 

equation on Beukers & Manin (2011). 

 

Linear Diophantine Equations 

Where 𝑎, 𝑏, 𝑐 … are integers, the equation 𝑎𝑥 + 𝑏𝑦 + ⋯ = 𝑐 is called the linear 

Diophantine equation.  Ajili & Contejean (1995) agreed that research on 

algorithms for solving linear inequational and equational constraints have been 

extensively studied starting from the ancient Greeks. Interestingly, for linear 

Diophantine equations, the solutions 𝑥, 𝑦, … must be integers also and according 

to them, restricting the domain to the natural numbers makes the problem of 
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seeking for the algorithm to be more difficult and the previously established 

algorithms will no longer be suitable to be used. They, however, managed to use 

linear programming techniques in providing an algorithm which computes the 

basis of a linear Diophantine equation without explicitly adding some extra 

variables 

Krivoruchenko (2013) derived and proved recursive formulas for the number 

of solutions of linear and quadratic Diophantine equations with positive 

coefficients. The number of non-negative solutions of the linear Diophantine 

equation with positive integer coefficients can be obtained by the following 

recursive formula with the initial conditions 𝑣𝑟(𝑛) = 0 for 𝑛 < 0 and 𝑣𝑟(0) = 1. 

 A new method for finding complete information about the set of all 

nonnegative integer solutions of homogenous and iuhomogeneous linear 

Diophantine equations was also presented in the paper of Clausen & 

Fortenbacher (1989). Their algorithm finds all minimal solutions as monotone paths 

in a grpah which encodes the linear Diophantine equations and is compared 

favorably with known methods, namely lexicogragraphic algorithm and 

completion procedure.  

But unlike the previous algorithm developers, row reduction technique from 

Linear Algebra can be used also in solving linear Diophantine equations as 

presented by Gilbert & Pathria (1990). He established that since Diophantine 

equations require integer solutions, the row reductions must only involve integers 

also and called this row operation elementary unimodular row operation on 

matrix consisting of three types of operations: (i) add an integer multiple of one 

row of the matrix to another row; (ii) interchange two rows of the matrix; and , (iii) 

multiply one row of the matrix by −1. 

Yesilyurt (2012) also worked on a simpler algorithm and derived one for 

finding alls the solutions of linear Diophantine equation of form 𝑎1𝑥1 + 𝑎2𝑥2 + ⋯ +
𝑎𝑛𝑥𝑛 = 𝑏 using linear congruential techniques in which she attributed from Carl 

Friedrich Gauss who developed congruences and who noticed that when trying 

to solve the linear Diophantine  equation 𝑎𝑥 + 𝑏𝑦 = 𝑐, if 𝑚|(𝑎 − 𝑏), then one could 

write 𝑎 ≡ 𝑏 (𝑚𝑜𝑑 𝑚). She concluded that the linear congruences and linear 

Diophantine equations are relatable and that the observation of Gauss can be 

generalize to more variable. The number of solutions then is found to be equal to 
|𝑚|𝑛−1𝑑. Some other scientist who also ventured on linear congruential studies 

were J. Knig (1903), Th.Schnemann (1839) and M.Fekete (1908). 

 

Useful Theorems for Solving  Linear Diophantine Equations 

Books of Number Theory for college and university students written by 

Burton (1980), Ireland & Rosen (1990), Dio (2017) and Ymas (2004) discussed linear 

Diophantine equations as one topic. However, they focus mainly on two-variable 

Diophantine equations featuring some techniques in solving such yet they failed 

to enumerate and algorithm that would facilitate understanding among students. 

It is good to note that they unanimously suggested that understanding of the 
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Euclidean algorithm and its reverse process which is more likely called Bezout’s 

identity are helpful in approaching linear Diophantine equations in two variables. 

 

Three-variable Linear Diophantine Equation 

It can be deduced that Euclidean algorithm is useful in the determination 

of gcd(𝑎, 𝑏) while Bezout’s identity is responsible in finding for (𝑥0, 𝑦0) that would 

satisfy  𝑎𝑥0 + 𝑏𝑦0 = 𝑐. But the algorithm did not established if it could be applied in 

solving 3-variable linear Diophantine equations. The researcher also tried seeking 

for algorithms found in the Internet yet most of them only tackled special 

Diophantine equations such as discussed above. There are also informal 

algorithms presented on online for a such as Math Stack Exchange and Math 

World Wolfram but their methods is far to be understood by students. 

One interesting Internet site that the researcher had encountered with an 

address “http://mathafou.free.fr/exe_en/exedioph3.html” is an online solver of 

Diophantine equation in 3 unknowns. It used Java Script to produce an instant 

general solution to linear Diophantine equation that a user will input. It further 

outlined the method it used in finding the solution for a Diophantine equation in 

three unknowns which is as follows: 

1. Let 𝑝 = gcd (𝑎, 𝑏), 𝑎′ =
𝑎

𝑝
, 𝑏′ =

𝑏

𝑝
 

2. Let 𝑢0 and 𝑣𝑜 be any solution of 𝑎′𝑢0 + 𝑏𝑣0 = 𝑐 

3. Let 𝑧0 and 𝑡𝑜 be any solution of 𝑐𝑧0 + 𝑝𝑡0 = 𝑑 

4. Let 𝑥0 and 𝑦0 be any solution of 𝑎′𝑥0 + 𝑏′𝑦0 = 𝑡0 

5. The general solution of 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 𝑑 is: 
𝑥 = 𝑥0 + 𝑏′𝑘 − 𝑢0𝑚 
𝑦 = 𝑦0 − 𝑎′𝑘 − 𝑣0𝑚 

𝑧 = 𝑧0 + 𝑝𝑚 

with 𝑘, 𝑚 ∈ ℤ. 

 With the aforementioned limited and complicated studies regarding linear 

Diophantine equations, students may find it difficult to appreciate such 

mathematical concept. They might be more interested in using online solvers such 

as the one presented above yet the absence of critical thinking and problem 

solving skills will be an issue in using such. Thus, this study is conceptualized to 

present a simple yet detailed and effective algorithm in solving linear Diophantine 

equation in three variables. 

 The figure below presents a detailed flow of how the study will be 

uncovered. 
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Objectives 

 

This study focused in developing an algorithm in solving for linear 

Diophantine equations with three variables. Specifically, it aimed in attaining the 

following objectives: 

1. Develop an algorithm for solving a linear Diophantine equation in three 

variables 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 𝑑  

2. Develop a program using Microsoft Excel® that employs the developed 

algorithm for solving a linear Diophantine equation in three variables 
𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 𝑑 

 

 

II. METHODS 

 

Research Design. This study employs mathematical investigation; 

specifically it is exploratory in nature. It will dwell in a problem-based investigation. 

The method followed is anchored in Polya’s (1945) “How to Solve It” in which it put 

emphasis on the process of “see – plan – do – check”. An example of finding the 

solution of linear Diophantine equation will be presented first, followed by a proof 

and generalization of the algorithm used. By this way, the algorithm can be 

outlined why and how it works. The researcher also believes that is more 

understandable and readable to any audience if the process is presented 

through an example rather than a series of proofs and symbolisms. 

Procedures.  Ronda (2005) suggested a framework for a mathematical 

investigation which is outlined using a flowchart below featuring the 8 main stages 

of mathematical investigation. The researcher started with pondering a problem 

that is usually encountered by students (1. getting started). In this study, the 

problem that was chosen is about solving linear Diophantine equation in 3 

variables. Previous researches, theoretical papers and online links were then read, 
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reviewed and visited to establish prior knowledge about what is already done 

about the problem (2. exploring systematically). 

Since the objective is to come up with an algorithm for a 3-variable linear 

Diophantine equation, the researcher proposed a set of interconnected 

theorems as conjectures for this study (3. making conjectures). These theorems 

were then given with proofs to establish their correctness (4. testing/verifying 

conjectures). Giving examples for every theorem that is presented and proven 

enabled the researcher to explain further and simpler these concepts. 

Justifications of what transpired in the mathematical processes were also done 

(5. explaining/ justifying conjectures). 

The theorems will then be intertwined and reorganized to come up with a 

detailed algorithm for solving linear Diophantine equations in three variables (6. 

reorganizing). Again, an example will be presented, one mathematical and one 

application using the deduced algorithm (7. elaborating). 

The final section presents the summary of what transpired in this study, 

including its conclusions and recommendations for future researches (8. 

summarizing). 

 

 

III. RESULTS AND DISCUSSION 

 

To attain the objectives of this mathematical investigation, two theorems 

emerged and were proven analytically. This paved way in developing the 

algorithm for solving linear Diophantine equations in three-variables. For 

emphasis, we consider the equation 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 𝑑, where 𝑎, 𝑏, 𝑐 and 𝑑 are 

integers, as the general form of any three-variable linear Diophantine equation 

(LDE). Further, when we say solving a LDE means we find the integral values of 

𝑥, 𝑦 and 𝑧 that satisfy the given equation. 

 

Theorem A.  Existence of Solutions of the LDE 𝒂𝒙 + 𝒃𝒚 + 𝒄𝒛 = 𝒅. Let 𝑎, 𝑏, 𝑐 be nonzero 

integers. Then for any integer 𝑑, the Diophantine equation 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 𝑑 has a 

solution if and only if gcd (𝑎, 𝑏, 𝑐) ∣ 𝑑. 

 
Proof: 

Since gcd(𝑎, 𝑏) = g , we have 
gcd(𝑎, 𝑏, 𝑐) = gcd(𝑐, 𝑎, 𝑏) = gcd(𝑐, gcd(𝑎, 𝑏)) = gcd(𝑐, 𝑔) = 𝑔′ 

Then, we assume that the linear Diophantine equation 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 𝑑 has a solution, that 

is 𝑔′ ∣ 𝑑. Therefore, by division algorithm, there exist 𝑑’ such that 
𝑑 = 𝑔′𝑑′. [1] 

Since (𝑐, 𝑔) = 𝑔′, then by Bezout’s theorem, the linear combination of 𝑐 and 𝑔 could be 

written as 
𝑐𝑧′ + 𝑔𝑤′ = 𝑔′. [2] 

Also, (𝑎, 𝑏) = 𝑔, by Bezout’s theorem, the linear combination of 𝑎 and 𝑏 could be written as 
𝑎𝑥′ + 𝑏𝑦′ = 𝑔. [3] 

 

Plugging [3] to [2], we have 
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𝑐𝑧′ + 𝑤′(𝑎𝑥′ + 𝑏𝑦′) = 𝑔′            ⇒           𝑎𝑤′𝑥′ + 𝑏𝑤′𝑦′ + 𝑐𝑧′ = 𝑔′ 

Multiplying it by 𝑑′, and substitution from [1], we get 
𝑎𝑑′𝑤′𝑥′ + 𝑏𝑑′𝑤′𝑦′ + 𝑐𝑑′𝑧′ = 𝑔′𝑑′          ⇒           𝑎𝑑′𝑤′𝑥′ + 𝑏𝑑′𝑤′𝑦′ + 𝑐𝑑′𝑧′ = 𝑑 

Since all variables involved are integers, we could simplify them and take them as single 

variables, that is, letting 𝑥0 = 𝑑′𝑤′𝑥′, 𝑦0 = 𝑑′𝑤′𝑦′ and 𝑧0 = 𝑑′𝑧′, 
𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0 = 𝑑. 

Therefore, we have already shown that (𝑥0, 𝑦0,𝑧0) is a particular solution to 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 𝑑 

if and only if 𝑔′ ∣ 𝑑.■ 

 

 

Theorem B.  General Solutions of the LDE 𝒂𝒙 + 𝒃𝒚 + 𝒄𝒛 = 𝒅. A linear Diophantine 

equation of three variables, 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 𝑑 has a general solution 
𝑥 = 𝑥𝑜(𝑢0 − 𝑐𝑠) − 𝑏′𝑡 
𝑦 = 𝑦𝑜(𝑢0 − 𝑐𝑠) + 𝑎′𝑡 

𝑧 = 𝑔𝑠 + 𝑟0 

for all integral values of 𝑥0, 𝑦0,  𝑢0, 𝑟0 and 𝑠 , 𝑡 as parameters defining the 

solutions of the linear Diophantine equation. 

 
Proof: 

The general idea of the algorithm to be developed is to make it simple and similar to the 

usual algorithm for solving two-variable LDEs. Therefore, we need to transform the left-side of the 

equation into 2 variables only, that is, moving one of the variables to the right side. To be concrete, 

we transpose 𝑐𝑧 to the right side, that is 
𝑎𝑥 + 𝑏𝑦 = 𝑑 − 𝑐𝑧. [4] 

The original linear Diophantine equation is now reduced into a 2-variable linear 

Diophantine equation which will only have a solution, by Theorem A, if and only if  
gcd(𝑎, 𝑏) = 𝑔 ∣ (𝑑 − 𝑐𝑧). 

To make that possible, we need to make 𝑧 already fixed by making 
𝑧 = 𝑔𝑠 + 𝑟0 [5] 

where 𝑠 is one of the parameters defining the solution of the LDE and 𝑟0 as an integer that 

would make  𝑔 ∣ (𝑑 − 𝑐𝑧). Substituting [5] to 𝑑 − 𝑐𝑧, then 
𝑑 − 𝑐(𝑔𝑠 + 𝑟0) = (𝑑 − 𝑐𝑟0) − 𝑐𝑔𝑠. [6] 

 Since 𝑔 ∣ 𝑐𝑔𝑠 already, the only problem is to make 𝑔 ∣ (𝑑 − 𝑐𝑟0) also. But we could 

actually set it to be divisible by 𝑔 since 𝑟0 is an integer, that is, we find the least positive solution for 

the linear congruence 
𝑑 − 𝑐𝑟0 ≡ 0 (𝑚𝑜𝑑 𝑔)       ⇒      −𝑐𝑟0 ≡ −𝑑(𝑚𝑜𝑑 𝑔) 

This is possible since gcd(𝑎, 𝑏, 𝑐) = gcd(gcd(𝑎, 𝑏) , 𝑐) = gcd(𝑔, 𝑐) | 𝑑 as we have checked since 

the start. Then from that, by Division algorithm, there exist an integer 𝑢0 such that  
𝑑 − 𝑐𝑟0 = 𝑔𝑢0 [7] 

 From [6], we substitute [7] and we get 
𝑑 − 𝑐𝑧 = (𝑑 − 𝑐𝑟0) − 𝑐𝑔𝑠 = 𝑔𝑢0 − 𝑐𝑔𝑠 = 𝑔(𝑢0 − 𝑐𝑠). [8] 

Substitute to this to [4] 
𝑎𝑥 + 𝑏𝑦 = 𝑔(𝑢0 − 𝑐𝑠). [9] 

Note that since gcd(𝑎, 𝑏) = 𝑔, so by Bezout’s theorem,  there exist integers 𝑥0 and 𝑦0 such 

that 
𝑎𝑥0 + 𝑏𝑦0 = 𝑔. 

Multiplying the equation by (𝑢0 − 𝑐𝑠), we get 
𝑎𝑥0(𝑢0 − 𝑐𝑠) + 𝑏𝑦0(𝑢0 − 𝑐𝑠) = 𝑔(𝑢0 − 𝑐𝑠). 

Therefore, [9] has a particular solution 

(𝑥0(𝑢0 − 𝑐𝑠), 𝑦0(𝑢0 − 𝑐𝑠)). 

Finally, by Theorem 3 (Chapter 1, page 7), the general solution is 
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𝑥 = 𝑥0(𝑢0 − 𝑐𝑠) − 𝑏′𝑡 
𝑦 = 𝑦0(𝑢0 − 𝑐𝑠) + 𝑎′𝑡 

𝑧 = 𝑔𝑠 + 𝑟0 

with 𝑠, 𝑡 the parameters defining the general solution of the linear Diophantine equation.■ 

 

 

Algorithm 1.  The Developed Algorithm for Solving Three-Variable Linear 

Diophantine Equations.  From the analysis of the aforementioned theorems and 

their proofs, we deduced the following algorithm for finding the solutions to the 

linear Diophantine Equation of three variables  𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 𝑑. 

1. Solve for gcd(𝑐, 𝑎, 𝑏) = gcd(𝑐, gcd(𝑎, 𝑏)) = gcd(𝑐, 𝑔) = 𝑔′ by iterated 

Euclidean Algorithm. 

 

2. Check that if 𝑔′ ∣ 𝑑, then there is a solution to the linear Diophantine 

equation. 

3. Transpose 𝑐𝑧 to the right side of the equation. Fix 𝑧 = 𝑔𝑠 + 𝑟 and 

substitute. 

4. Compute the least positive value of 𝑟 such that 𝑔 ∣ (𝑑 − 𝑐𝑟). [Hint: find the 

least positive solution of −𝑐𝑟 ≡ −𝑑 (𝑚𝑜𝑑 𝑔)]. Substitute, factor and let the 

result be 𝑔(𝑢0 − 𝑐𝑠). 
5. Divide the resultant equation by gcd(𝑎, 𝑏) = 𝑔 which turns the left side of 

the equation to 𝑎′𝑥 + 𝑏′𝑦 where gcd(𝑎′ , 𝑏′) = 1. Then by Bezout’s theorem, 

express 1  as linear combination of 𝑎′ and 𝑏′. 
6. Multiply the result in (5) by (𝑢0 − 𝑐𝑠) to get one particular solution to the 

equation, (𝑥, 𝑦) = (𝑥0(𝑢0 − 𝑐𝑠), 𝑦0(𝑢0 − 𝑐𝑠)). 

7. Extend the formula for the general solution of linear Diophantine 

equation in 2 variables (Theorem 3, Chapter 1, page 7). That is, the 

general solution therefore of the 3-variable linear Diophantine equation 

is 

𝑥 = 𝑥0(𝑢0 − 𝑐𝑠) − 𝑏′𝑡          𝑤ℎ𝑒𝑟𝑒 𝑏′ =
𝑏

𝑔
 

𝑦 = 𝑦0(𝑢0 − 𝑐𝑠) + 𝑎′𝑡          𝑤ℎ𝑒𝑟𝑒 𝑎′ =
𝑎

𝑔
 

𝑧 = 𝑔𝑠 + 𝑟0  
 

To show that the algorithm really works in actual problem solving scenario, we 

would use it to solve the aforementioned linear Diophantine equation in three 

variables. 

 

Example 1.  Find the complete set of solution of the linear Diophantine equation 
𝟏𝟐𝐱 + 𝟏𝟓𝐲 + 𝟐𝟎𝐳 = 𝟏𝟒. 

1. Solve for 𝒈𝒄𝒅(𝒄, 𝒂, 𝒃) = 𝒈𝒄𝒅(𝒄, 𝒈𝒄𝒅(𝒂, 𝒃)) = 𝒈𝒄𝒅(𝒄, 𝒈) = 𝒈′ by iterated 

Euclidean Algorithm. 
𝑔′ = gcd(20, 12,15) = gcd(20, gcd(12,15)) = gcd(20,3) = 1  
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2. Check that if 𝒈′ ∣ 𝒅, then there is a solution to the Diophantine equation. 

There is a solution to the Diophantine equation since 1 ∣ 14. 

 

3. Transpose 𝒄𝒛 to the right side of the equation. Fix 𝒛 = 𝒈𝒔 + 𝒓 and 

substitute. 
12𝑥 + 15𝑦 + 20𝑧 = 14 
12𝑥 + 15𝑦 = 14 − 20𝑧 

Since gcd(𝑎, 𝑏) = 𝑔 = 3, therefore 𝑧 = 3𝑠 + 𝑟, then  
12𝑥 + 15𝑦 = 14 − 20(3𝑠 + 𝑟) 

12𝑥 + 15𝑦 = (14 − 20𝑟) − 60𝑠 

 

4. Compute the least positive value of 𝒓 such that 𝒈 ∣ (𝒅 − 𝒄𝒓). [Hint: find the 

least positive solution of 𝒅 − 𝒄𝒓 ≡ 𝟎 (𝒎𝒐𝒅 𝒈)]. Substitute, factor and let the 

result be 𝒈(𝒖𝟎 − 𝒄𝒔). 

We must compute for 𝑟 such that 3 ∣ (14 − 20𝑟), by setting 

14 − 20𝑟 ≡ 0 (𝑚𝑜𝑑 3) 
−20𝑟 ≡ −14 (𝑚𝑜𝑑 3) 

𝑟 ≡ 1(𝑚𝑜𝑑 3) 
𝑟 = 1. 

Therefore,  
12𝑥 + 15𝑦 = 14 − 20(1) − 60𝑠 

12𝑥 + 15𝑦 = −6 − 60𝑠 
12𝑥 + 15𝑦 = 3(−2 − 20𝑠) 

 

5. Divide the resultant equation by 𝒈𝒄𝒅(𝒂, 𝒃) = 𝒈 which turns left side of the 

equation to 𝒂′𝒙 + 𝒃′𝒚 where 𝒈𝒄𝒅(𝒂′, 𝒃′) = 𝟏. Then by Bezout’s theorem, 

express 𝟏  as linear combination of 𝒂′ and 𝒃′. 
Dividing the whole equation by gcd(𝑎, 𝑏) = 𝑔 = 3, 

4𝑥 + 5𝑦 = (−2 − 20𝑠) 
By Bezout’s theorem, since gcd(4, 5) = 1, then 4(−1) + 5(1) = 1. 

 

6. Multiply the result in (5) by (𝒖𝟎 − 𝒄𝒔) to get one particular solution to the 

equation, (𝒙, 𝒚) = (𝒙𝟎(𝒖𝟎 − 𝒄𝒔), 𝒚𝟎(𝒖𝟎 − 𝒄𝒔)). 

Multiplying the whole equation by (−2 − 20𝑠), 
4(2 + 20𝑠) + 5(−2 − 20𝑠) = (−2 − 20𝑠). 

Therefore, (𝑥, 𝑦) = ((2 + 20𝑠), (−2 − 20𝑠)) is a particular solution. 

 

7. Extend the formula for the general solution to the equation in the first 

algorithm. 

The general solution to the 3-variable LDE 12𝑥 + 15𝑦 + 20𝑧 = 14 is 
𝑥 = 2 + 20𝑠 − 5𝑡 

𝑦 = −2 − 20𝑠 + 4𝑡 
𝑧 = 3𝑠 + 1  
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Some particular solutions to the given LDE are (2, −2, 1), (17, −18,4) 

and (−3, 2, 1). 

 

 

The Computer Program using MSExcel® for Solving Three-Variable Linear 

Diophantine Equations 

 

We will now discuss the components of the said computer program to give 

answer to the second objective of this mathematical investigation. The program 

is constructed using Microsoft Office Excel® 2010, a spreadsheet application. The 

said application is chosen to be used by the researcher for two reasons: (1) it is 

where he is most knowledgeable when it comes to programming; and, (2) it can 

be copied by other person and can open or run it since the application 

(MSExcel®) is widely used. The whole program, therefore, is packaged as a 

spreadsheet workbook, and its windows are to be viewed in its sheets which we 

will call components.There are six (6) components in the program. 

The first component is the “HOME” which is considered as the input-output 

viewer. This is where the linear Diophantine equation in three variables will be 

entered and where the final answer, the general solutions of the LDE will also be 

shown. 

The second component, “Processor 1”, checks whether the entered LDE 

has a solution or not by computing 𝑔′ = gcd (𝑎, 𝑏, 𝑐) and calculating via modulo 

arithmetic if 𝑔′|𝑑, that is, it must be 𝑑 ≡ 0 (𝑚𝑜𝑑 𝑔′). 

The third component, “Processor 2”, will calculate the parameters of 𝑧. The 

main focus of this component is to compute for the least positive solution 𝑟0 of the 

linear congruence 𝑑 − 𝑐𝑟 ≡ 0 (𝑚𝑜𝑑 𝑔) and finally return the general solution for 𝑧 =
𝑔𝑠 + 𝑟. 

“Processor 3”, the fourth component, in conjunction to “Processor 4”, the 

fifth component, calculates the needed values for the parameters of 𝑥 and 𝑦. The 

first only performs arithmetic calculations. What is interesting is the latter which is 

embedded with a program for Euclidean algorithm and for Bezout’s identity in 

order to calculate a particular solution (𝑥0, 𝑦0) of the linear combination 𝑎′𝑥 +
𝑏′𝑦 = 1. Finally, the last component, “Processor 5” returns the general solutions for 

𝑥 and 𝑦. 

 

 

IV. CONCLUSION 

 

Two theorems emerged and were proven analytically and one algorithm 

was developed to answer the first objective. 

1. Let 𝑎, 𝑏, 𝑐 be nonzero integers. There for any integer 𝑑, the Diophantine 

equation 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 𝑑 has a solution if and only if gcd (𝑎, 𝑏, 𝑐) ∣ 𝑑. 

2. A linear Diophantine equation of three variables, 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 𝑑 has a 

general solution 
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𝑥 = 𝑥𝑜(𝑢0 − 𝑐𝑠) − 𝑏′𝑡 
𝑦 = 𝑦𝑜(𝑢0 − 𝑐𝑠) + 𝑎′𝑡 

𝑧 = 𝑔𝑠 + 𝑟0 

Also, a computer program was developed using Microsoft Office Excel®. 

This investigation came up with an easier and more understandable algorithm for 

finding the solution for a linear Diophantine equation in three variables which can 

be summarized through the following flowchart (Figure 3). 

 

Figure 3. The flowchart of the developed algorithm for LDE in 3 variables 

 

Recommendations 

In the light of the aforementioned conclusions, the following are 

recommended: 

1. Future researches may venture on presenting other proofs for the 

developed algorithm for solving linear Diophantine equations in three 

variables. 

2. Publication of the developed algorithm and its computer program using 

MSExcel® for solving linear Diophantine equations in three variables must 
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be done to ease students’ difficulty in understanding tedious and 

complicated algorithms found in the Internet.  

3. An investigation involving development of algorithm for solving linear 

Diophantine equations in four or more variables is also feasible. 
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ABSTRACT 

 
Research became part of the curriculum of SHS. Personal interactions of the researcher and SHS 

teachers reveals that when it comes to inferential analysis of data, problems arise, especially the 

lack of available statistical software to be used for inferential analysis of data. Though there are 

available statistical software such as SPSS, Stata, STAR and MS Excel, most of them are expensive 

to buy and too complex to operate for a beginner in research and data analysis. Hence, using 

quantitative research design and employing descriptive-evaluative method, this study focused 

on the development of available and user-friendly statistical calculator using Microsoft Excel® for 

research-beginners to be used in inferential analysis of data. Statistical tools included in this 

statistical calculator are: (1) correlation analysis using Pearson r; (2) t-test for independent samples; 

(3) t-test for paired samples; (4) one-way analysis of variance; and (5) sample size calculation 

using Lynch formula. This study found out that the statistical calculator was rated excellent in terms 

of its efficiency, functionality, portability and usability. It was also accurate and secured based on 

the alpha test employed but limitations of its use as to statistical assumptions for to statistical tools 

embedded in it must still be followed. Framework for its dissemination is also crafted to ensure that 

its distribution is properly documented and controlled.  

 

Keywords: Statistical Calculator, development, rp-calculator 

 

 

I. INTRODUCTION 

 

The Philippines had recently undergone curriculum change. Through 

Republic Act 10533 or the Enhanced Basic Education Act of 2013, it was declared 

that it is the policy of the state to create a functional basic education system that 

will develop productive and responsible citizens equipped with the essential 

competencies, skills and values for both life-long learning and employment. This 

mailto:markjhontamanu@csu.edu.ph
mailto:markjhontamanu@csu.edu.ph
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paved way to the inclusion of additional 2-year Senior High School (SHS) Program 

of the Department of Education. 

Research became part of the curriculum of SHS. In fact, there are two (2) 

of them: Qualitative and Quantitative Research. Qualitative researches use of 

qualitative data yielded through interviews, observations, artifacts, and 

documentary sources, audio and visual materials among others in which these 

information could be analyzed using transcription, coding, historical and 

philosophical analysis which introduce elements of subjectivity in explaining, 

describing, collecting and even analyzing information. On the other hand, 

quantitative researches  use information or data expressed in numerical values 

and these data are analyzed using either descriptive or inferential statistics 

(Creswell, 2012). 

On the personal interactions of the researcher to the SHS teachers, 

descriptive analysis of data was not a problem for them and their students since 

it only uses frequencies, measures of central tendencies and locations, Likert 

scales and measures of variations. But when it comes to inferential analysis of 

data, problems arise, starting from choosing the appropriate statistical tool and 

most of all, the process of calculating the values yielded by these tools. This is also 

true on his observations from his advisees in the undergraduate school. Their usual 

sort was to consult statisticians, but they are not always available which delays 

also the timeline of their work. 

This was the premise in which this development study is founded into. Citing 

the following major problems, the researcher conceptualized and developed a 

statistical calculator for research-beginners: (1) lack of knowledge on choosing 

appropriate statistical tools; (2) lack of knowledge on scientific calculation of 

samples for research; (3) lack of skills in using statistical software; and, (4) lack of 

available statistical software to be used for inferential analysis of data. 

For the researchers, addressing the last one is the most important. Though 

there are available statistical software such as SPSS, Stata, STAR and MS Excel, 

most of them are expensive to buy and too complex to operate for a beginner in 

research and data analysis. Developing a statistical calculator that has a 

personalized interface based on the needs of the research-beginners would 

make it user-friendly for them which will add up also to their motivation to do 

research. 

 

 

Framework of the Study 

 

Teaching and learning with technology is an important part of the 

mathematics classroom. According to the National Council of Teachers of 

Mathematics (2011), it is essential that teachers and students have regular access 

to technologies that support and advance mathematical sense making, 

reasoning, problem solving, and communication. Several studies (Gadanidis & 

Geiger, 2010; Kastberg & Leatham, 2005) have demonstrated that utilizing 
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technology when teaching mathematics can support students in procedural skills, 

problem-solving, and reasoning. Different examples of technology in 

mathematics include: online assessment tools, online collaboration tools, 

computer algebra systems, apps, calculators, computer applications, and 

interactive whiteboards. 

This would, therefore, not only benefit the research-beginners but also the 

SHS learners who would also use it in their requirements in research subjects. The 

problems cited above, however, were too broad to address all. Hence, 

addressing only one would make it feasible. This study focused on the 

development of available and user-friendly statistical calculator using Microsoft 

Excel® for research-beginners to be used in inferential analysis of data. 

Specifically, it sought to attain the following objectives: 

1. Develop a user-friendly statistical calculator using MS Excel® 

2. Conduct alpha and beta test on the developed statistical calculator 

3. Craft the framework for the dissemination of the developed statistical 

calculator 

This study was limited on the development of statistical calculator for 

parametric statistical tools: (1) Pearson correlation; (2) t-test for paired samples; 

(3) t-test for independent samples; (4) one-way analysis of variance; and (5) 

calculation of samples using Lynch formula. To partly address the 1st problem (lack 

of knowledge on choosing appropriate statistical tools), a user-manual was 

developed and to provide proper documentation of the dissemination of the 

statistical calculator, a framework for its dissemination was crafted. 

Figure 1 presents the paradigm in which this study is anchored. 
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Figure 1 

II. METHODOLOGY 

 

Design.  This study used quantitative research design employing 

development-evaluative method. Development in the sense that it aimed to 

developed a statistical calculator for research-beginners using Microsoft Office 

Excel®. It further employed evaluative method in testing the accuracy of the 

calculations (alpha) and user-friendliness (beta) of its interface. 

Participants. Respondents of the beta test were teachers, researchers and 

advisers of research-beginners and SHS students. Ten (10) teachers, five (5) 

researchers/advisers, twenty (20) students and five (5) IT experts were tapped to 

evaluate the developed statistical calculator. 

Procedure.  The study started by analyzing the needs of the target end-

users of the statistical calculator. From these, the researcher developed and 

programmed it using Microsoft Excel®, a spreadsheet application. 

The alpha test was simultaneously conducted as the programming was 

undergoing. The beta test commenced after finalizing the developed statistical 

calculator and ensuring that from the alpha test that it is accurate and functional. 

Analysis of the data from the evaluators was done using 4-point Likert scale (4- 

excellent, 3- good, 2- fair, 1- poor). Suggestions were also welcomed and were 

integrated before packaging the final version of the developed statistical 

calculator for research-beginners. 

The framework for dissemination was then crafted to ensure that its 

distribution in the future will be properly documented. 

 

 

III. RESULTS AND DISCUSSION 

 

The Developed Statistical Calculator 

 

System engineering.  The statistical calculator for research-beginners was 

developed using MS Excel®. The said application is chosen to be used by the 

researcher for four reasons: (1) it is where he is most knowledgeable when it 

comes to programming; (2) the target end-users will surely know how to work in 

this application; (3) it can be copied by other person and can open or run it as 

the application (MSExcel®) is widely used; and, (4) it can work on mobile phones 

that can open spreadsheets. Five (5) parametric statistical tools were 

programmed on this calculator namely: 

1. Correlation analysis using Pearson r 

2. Comparison (hypothesis) testing using t-test for independent samples 

3. Comparison (hypothesis) testing using t-test for paired samples 

4. Comparison using Analysis of Variance 

5. Calculation of sample size using Lynch formula 
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Figure 2 

 

Figure 2 presents the flowchart of the system engineering of the statistical 

calculator. The user can start the said calculator using MS Excel® application of 

any spreadsheet application equivalent to it. The aforementioned parametric 

statistical tools were programmed in separate sheets so the user must have the 

idea of which tool must be used. He will then enter the needed data as required 



26 
 

by the tool. When the inputs are completely provided, the user can already print 

or copy the output of the calculator. 

Accuracy.  The alpha test was employed simultaneously as the 

programming was going on to ensure that the links are properly working. 

Calculated values were compared with the outputs from SPSS®, STAR®, Stata® 

and manual calculations. Apparent in table 1, the calculations from the 

developed statistical calculator and the outputs of aforementioned applications 

were the same which established its accuracy. 

Security.  To ensure that the programmed and linked formula from input to 

output cannot be modified and deleted which may affect its accuracy, these 

were hidden and locked. The user cannot access the cells where these formulae 

were encoded. The only selectable cells for the user were the input cells. This 

makes the developed statistical calculator secured from modification and 

deletion of its important formulae and its accuracy is ensured always as expected 

from any calculators. 

Limitations as to statistical assumptions.   In using the developed statistical 

calculator, the assumptions in using the parametric statistical tools included in it 

must be followed. Statistics books and Internet must be consulted about these 

assumptions. It is highly recommended that these assumptions must be met 

before using the developed calculator. For instance, Pearson r cannot be used 

when measuring the correlation between the parents’ occupation (categorical 

variable) and students’ performance (numerical) in which the most appropriate 

statistical tool is the Chi-square test (Walpole, 2002). 

 

Table 1. Comparison of the outputs of the developed statistical calculator and 

the existing statistical software 

Outputs of Developed rp-Calculator SPSS STAR Stata Manual 

Pearson r     

r-value / / / / 

p-value / / / / 

Statistical inference / / / / 

t-test for ind. samples     

Mean and SD / / / / 

t-value / / / / 

p-value / / / / 

Effect size n/a n/a n/a / 

Statistical inference / / / / 
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Continuation of Table 1     

t-test for paired samples     

Mean and SD / / / / 

t-value / / / / 

p-value / / / / 

Effect size n/a n/a n/a / 

Statistical inference / / / / 

ANOVA     

MS, SS, df / / / / 

F-value / / / / 

p-value / / / / 

Statistical inference / / / / 

Sample size (Lynch)     

Number of samples n/a n/a n/a / 

 

 

Testing the Developed Statistical Calculator 

 

Alpha test.  The alpha test was already been discussed on the previous 

section about accuracy. It can be deduced that the result of alpha test is 

excellent as apparent from the accuracy of the outputs of the developed 

statistical calculator when compared with the outputs of different existing 

statistical software. 

Beta test.  This test involved the evaluation of the developed statistical 

calculator by representatives of different target end-users: teachers, 

researchers/advisers, students and IT experts. Figure 3 presents the summary of 

their evaluation ratings with respect to the developed statistical calculator’s 

efficiency, functionality, portability and usability. 

 It can be seen that the evaluation ratings of the teachers, 

researchers/advisers, students and IT experts fall on the category of excellent. This 

means that the developed statistical calculator is excellently working as efficient, 

functional, portable and usable. This implies that the statistical calculator eases 

the burden of the users when it comes to statistical analysis of quantitative data 

for research. Its portability enables the users to operate it on computers, tablets 

and even mobile phones as long as they have built-in spreadsheet applications 

to open the file containing the developed statistical calculator. Further, the 

researcher only needed 10 minutes to explain the operational processes to the 

end-users and they already understood how to use it. This validates that the 

developed statistical calculator as user-friendly. From informal interviews to those 

who have experienced the use of statistical software such as SPSS, STAR and 
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Stata, the developed statistical calculator is highly comparable to these software 

and would be very helpful for research-beginners and students. 

 

 

Figure 3 

 

 

Framework for the Dissemination Mechanisms of the Developed Statistical 

Calculator 

 

The primary purpose of developing the statistical calculator was for 

research-beginners, particularly the Senior High School student- and teacher-

researchers and advisers. Therefore, its dissemination is an integral part of its 

realization. However, disseminating such must also be properly documented and 

controlled for the following reasons: 

1. Protect the copyright of the developer 

2. Easily trace the source of misuse, if ever there is 

3. Document the dissemination of the technology for technical and 

administrative purposes 

4. Control the distribution to responsible users only 

Figure 4 presents the flow of dissemination process for the developed 

statistical calculator. The researcher could tap the target users personally or 

contact them using electronic and online platforms. An alternate process could 

be the target user indicates interest about the product and contacts the 
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researcher. To document the dissemination, the target user must fill out three (3) 

forms in three (3) copies: 

1. Form A or the Request Form for the developed statistical calculator. This will 

be signed by the target user who requests its copy, recommended for 

release by the researcher and approved by the college dean. 

2. Form B or the Certificate of Utilization. This will be submitted by the 

approved target user within a month from the release of the developed 

statistical calculator which certifies that he/she used it for instructional 

purposes. Failure to submit this form will mean revocation of the calculator 

from the target user and may affect future transactions with the researcher 

and the university. 

3. Form C or the Feedback Form will be submitted with Form B which gives 

feedback for the improvement of the developed statistical calculator. 

Upon approval by the college dean, the developed statistical calculator 

will be released. The researcher could also provide training about it if requested 

and must be scheduled. The product will come with its manual of operation. 

 

 

Figure 4 

IV. CONCLUSION 
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This study came up with a technology that can be used by SHS teachers 

and students and research-beginners in analyzing quantitative data using 

parametric tools, particularly Pearson r, t-test for independent and paired 

samples, one-way analysis of variance and calculation of samples using Lynch 

formula. It was found out from its alpha test that it is accurate and secured and 

from its beta test that it is efficient, functional, portable and usable. Dissemination 

mechanism follows a standard process as presented in its framework for 

dissemination. 

 

 

Recommendations 

 

In the light of the aforementioned findings and conclusions of this study, it 

is highly recommended that: 

1. The developed statistical calculator must be registered as a utility model 

in the Intellectual Property Office to protect its copyright. 

2. Disseminate the developed statistical calculator to target users to further 

realize the purpose of its development through an extension program. 

3. Seminar-workshop and training for research-beginners could be 

conducted to introduce the use of the developed statistical calculator. 

4. Further development of more advanced version of the statistical 

calculator that integrates other statistical tools including non-parametric 

tools should be done. 
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